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Abstract 

Background  Investigating the dusty fluids flow attracted substantial attention in latest years because of their wide-
spread utility within several industrial applications, including polymer technology, gas cooling systems, combustion, 
petroleum industry, and transport processes. The current article is dedicated to inspect the flow with mass transfer 
and heat of an unsteady Magneto-hydrodynamic dusty fluid. Consequently, impacts of chemical and thermal radia-
tion, Joule, ion slip, Hall, and viscous dissipation toward heat and mass transferring and fluid flows are provided.

Results  Numerical solution of the controlling partial differential equations was performed. The temperature, veloc-
ity, and distribution of concentration for the particle and fluid phases were inspected under the influences of various 
physical parameters and their discussion was supplemented with diagrams.

Conclusions  The findings specify that these parameters have a significantly governed the solutions. The thermal 
radiation denotes efficiency enhancement of temperature distribution.
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Background
The dusty fluids’ heat transfer and flow studies are 
extremely useful in improving the operation of many 
applications in several industries and engineering prob-
lems, including dust collection, atmospheric fallout, 

powder technology, nuclear reactor, and paint spraying 
(Islam et  al. 2022). The dusty fluid flow under the sim-
plifying assumptions was formulated by (Saffman 1962). 
Hence, development and research are used to enhance 
the flow and heat transfer of dusty fluids attributes by 
using various models and situations have been previously 
documented (Michael and Miller 1966; Peddieson 1976; 
Meena et al. 2022; Safwa et al. 2022; Dey and Chutia 2022, 
Tavousi et al. 2023). Recently, many investigators studied 
the flows of particle fluids under different conditions are 
carried out. Attia et  al. (2014) examined the fluid flow 
of the unsteady dusty with heat transfer in the existence 
of uniform injection and suction and porosity impact 
through parallel plates. The mathematical solutions for 
dual-phase dusty boundary-layer non-Newtonian fluid 
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flow through the semi-infinite vertical heated surface are 
obtained (Hamid et al. 2022). Mahanthesh et al. (2019a, b) 
investigated the nonlinear convective transport influence 
on non-Newtonian Dusty fluids flow through a stretched 
sheet. The influence of thermal radiation of squeezed 
dusty fluid flow with heat transfer between parallel plates 
was examined by Abbas et  al. (2020). Chandrawat et  al. 
(2022) inspected numerically the unsteady flow of two 
unmixable micropolar and dusty fluids throughout a 
horizontal plate. Several researchers were interested in 
latest developments regarding dusty nano-fluids flow 
under different categories and conditions are highlighted 
with many researchers (Mishra et  al. 2022; Dey and 
Chutia 2020; Gireesha et  al. 2018). Several researchers 
have considered magnetohydrodynamics (MHD) flow 
of Newtonian/non-Newtonian fluids due to its substan-
tial potentiality in scientific and industrial concerns (Jha 
and Apere 2013; Dey and Chutia 2020; Rafiq et al. 2022) 
The Hall influences are significant for the MHD applica-
tions. It is toward the conducting fluid is an ionized gas 
with and strong magnetic field (Abbas and Sayed 2017). 
Because the reduction in conductivity is normal to the 
magnetic field as a result of the electrons and ions free 
spiraling about the force’s magnetic lines before colli-
sions and a current is stimulated normal to both mag-
netic and electric fields. Bafakeeh et al. (2022) examined 
the Hall influences regarding the hydromagnetic oscil-
latory unsteady flow for non-Newtonian second-grade 
fluid. The analytical solution for an unsteady dusty fluid 
flow throughout a circular pipe having an Ion Slip effect 
was studied by Abdeen et  al. (2013). Alkot and Abbas 
(2017) reported the mathematical procedure of blood 
flow throughout catheterized arteries having overlap-
ping stenosis under the hall effect. The exponential heat 
source and hall effects on unsteady dusty nanofluid with 
time-dependent velocity were studied in Hussein (2023), 
Mahanthesh et  al. (2019a, b). The impact of chemical 
reactions has very important because it has many indus-
trial applications in chemical engineering, food process-
ing, oil emulsions, and geothermal reservoirs.

Muthuraj et  al. (2016) inspected the peristaltic 
motion of dusty fluid having mass transfer and heat 
through a horizontally straight channel under a chemi-
cal reaction effect. The MHD stagnation point of nano-
fluid Casson flow with heat transfer toward a stretched 
sheet under activation energy and chemical reaction 
effect was investigated (Khan et al. 2018). Kumar et al. 
(2021) explored the chemical reaction and heat source 
impact on the MHD flow of the blood in bifurcated 
permeable arteries. The chemical reaction influence on 
the peristaltic electroosmotic flow of Jeffrey nanofluid 
was investigated in the existence of the Brownian effect 
(Rafiq et al. 2022). Also, there are numerous researchers 

who investigated the problems pf the dusty flow by con-
sidering the effect of thermal radiation (Abo-zaid et al. 
2021; Mahanthesh et  al. 2021; Ghadikolaei et  al. 2018; 
Rafiq et al. 2022).

In the current study, we are motivated to examine the 
flow with mass transfer and heat of an unsteady MHD 
dusty fluid under thermal radiation and chemical reac-
tion effects. Viscous dissipation and Joule, ion slip, Hall, 
and heat generation is considered. The controlling non-
linear equations for the particles and fluid are solved 
mathematically by the finite difference technique. The 
influences of suitable non-dimensional parameters on 
the temperature, concentration, and velocity profiles 
are considered and analyzed with the assistance of 
diagrams.

The dusty fluid flow throughout horizontal porous 
plates was considered. Figure  1 shows a diagram of 
physical geometry. While the lower plate is immo-
bile, the upper one moves in the x-direction with an 
unvarying velocity uo . A uniform injection and suction 
through the plates are considered in the y-direction 
with constant velocity vo. Both plates are regarded as 
non-conductive electrically and preserved within two 
fixed temperatures and the species concentration.

At the lower wall To,Co , T1 and C1 for the upper wall 
where T1 > To . In this study, a uniform magnetic field 
with strength  B = (0, 0,Bo) is applied perpendicularly 
toward the plates (positive y-direction). Additionally, 
the lack of Hall current is related to the magnetic field 
incidence, which likely influences fluid flow motion. 
The thermal equation takes into account radiation, 
Joule and viscous dissipations, and heat generation are 
taken into account in the species equation. Addition-
ally, the flow is assumed to be non-compressible, and 
the two phases have constant densities, and there exists 
a chemical reaction in the mixture.

According to the aforementioned assumptions the 
basics equations are (Abbas et al. 2020).

Fluid phase.

Fig. 1  Sketch of the problem
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Particle phase:

where ρ , ρp are the fluid and particles densities, v denotes 
the fluid velocity vector, v = u(y, t)i+ voj + w(y, t)k , 
p the pressure gradient, µ denotes fluid viscosity. 
KN

(

v − vp
)

 is the force resulted from the relative 
motion among dust particles and fluid, whereas K rep-
resents the Stoke’s drag constant which is K = 6πµra in 
case of spherical particles having radius a, N denotes the 
dust particles’ number density per unit volume of the 
fluid, vp is the dust particles’ velocity vector, and KD is 
the Darcy permeability. T denotes the fluid temperature, 
Tp is the dust temperature, cp denotes the fluid specific 
heat capacity at fixed volume, kf  denotes the fluid ther-
mal conductivity, γT  denotes the temperature relaxation 
time, and cs denotes the particles specific heat capacity. 
ϕ represents the viscous dissipation, qr denotes the radi-
ative heat flux, and Q is heat source constant. C denotes 
the concentration, DB denotes the diffusion coefficient, 
and kc is the chemical reaction parameter. J accounts 
for the current density, and B accounts for total mag-
netic induction vector. When the ion slip and Hall terms 
are maintained, the current density J from the general 
Ohm’s law can be obtained by Attia et al. (2015):

where σ represents the electric conductivity and Biand 
β denote the ion slip parameter and Hall factor. Lorentz 
force can be represented as

(1)

ρ
Dv

Dt
= −∇p+ µ∇2v + J× B− KN (v − vp −

µ

KD
v

(2)

cp
DT

Dt
= kf ∇

2
T+

J.J

σ f
−

1

γT

(

Tp − T
)

+ ϕ + ∇ .qr + Q(T − To)

(3)
DC

Dt
= DB∇

2
C+ kc(C − Co)

(4)ρp
Dvp

Dt
= KN(v − vp)

(5)
DTp

Dt
=

1

γT

(

Tp − T
)

(6)J = σ

[

v × B− β(J× B)+
βBi

Bo
(J× B)× B

]

(7)

J× B =
σB2

o

(1+ Bi Be)2 + Be2
((1+ Bi Be)u+ Bew)i

+ ((1+ Bi Be)w − Beu)k

where Be = σβBo denotes the Hall parameter. The heat 
flux according to the Rosseland approximation is mani-
fested by:

where σ ∗ and k ∗ account for the Stefan–Boltzmann con-
stant and the mean absorption coefficient, respectively. 
Furthermore, T 4 could be written using the Taylor series 
about To as:

By substituting Eqs. (6–9) into Eqs. (1–5) and after 
some arrangements yield:

Fluid phase:

pick the following proper dimensionless forms

(8)qr = −
4σ ∗

3k∗
∂T 4

∂y

(9)T 4 ∼= 4T 3
o T − 3T 4

o

(10)

ρ

(

∂u

∂t
+ vo

∂u

∂y

)

= −
dp

dx
+ µ

∂2u

∂y2
−

σB2
o

(1+ Bi Be)2 + Be2

((1+ Bi Be)u+ Bew)

− KN
(

u− up
)

−
µ

KD
u

(11)

∂w

∂t
+ ρvo

∂w

∂y
= µ

∂2w

∂y2
−

σB2
o

(1+ Bi Be)2 + Be2

((1+ Bi Be)w − Beu)

− KN w − wp −
µ

KD
w

(12)

ρc
∂T

∂t
+ ρcvo

∂T

∂y
= kf

∂2T

∂y2
+ µ

(

(

∂u

∂y

)2

+

(

∂w

∂y

)2
)

σ(1+ Bi Be)B2
o

(1+ Bi Be)2 + Be2

(

u2 + w2
)

+
ρpCs

γT

(

Tp − T
)

+
16σ ∗T 3

o

3α∗

∂2T

∂y2
+ Q

(

Tp − T
)

(13)
∂C

∂t
+ vo

∂C

∂y
= DB

∂2C

∂y2
+ kc(C − Co)

(

x̂, ŷ
)

=

(

x, y
)

h
, t̂ =

tUo

h
,

(

û, ŵ
)

=
(u,w)

Uo
,

(

ûp, ŵp

)

=

(

up,wp

)

Uo

P̂ =
P

ρU2
o

, T̂ =
T − To

T1 − To
,

T̂p =
Tp − To

T1 − To
, Ŵ̂ =

C − Co

C1 − Co
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The non-dimensional forms after dropping the hats are:
Particle phase

where mp accounts for the dust particles’ average mass. 
The initial and boundary conditions can be obtained by:

At t ≤ 0:

At t > 0:

At t > 0:

Fluid phase:

Particle phase:

(14)mp
∂up

∂t
= KN (u− up)

(15)mp
∂wp

∂t
= KN (w − wp)

(16)
∂Tp

∂t
= −

1

γT
(Tp − T )

u = up = w = wp = 0;

T = Tp = To; C = Co

u = up = w = wp = 0;T = Tp = To;

C = Coaty = −h

(17)
u = up = U0; w = wp = 0;

T = Tp = T1; C = C1 at y = h

(18)

∂u

∂t
+ S

∂u

∂y
= −

dP

dx
+

1

Re ∂
2u
∂y2

H2
a

Re((1+BiBe)2+Be2)

R
Rep

(19)
∂w

∂t
+ S

∂w

∂y
=

1

Re ∂
2w
∂y2

H2
a

Re((1+BiBe)2+Be2)

R
Rep

(20)

∂T

∂t
+ S

∂T

∂y
=

1

RePr

∂2T

∂y2
+

Ec

Re

(

(

∂u

∂y

)2

+

(

∂w

∂y

)2
)

+
(1+ BiBe)H2

aEc

Re
(

(1+ BiBe)2 + Be2
)

(

u2 + w2
)

+
2R

3Pr

(

Tp − T
)

+ QsT̂ + Qr
∂2T

∂y2

(21)
∂Ŵ

∂t
+ S

∂Ŵ

∂y
=

1

SC

∂2Ŵ

∂y2
+ γCŴ

(22)G
∂up

∂t
= u− up

where Re = ρU0h/µ is the Reynolds number, 
Ha2 = σB2

0h
2/µ denotes the Hartmann num-

ber squared, S = v0/U0 denotes the suction param-
eter, Ec = U0

2/Cp(T 2 − T1) is the Eckert number, 
G = mpµ/ρh

2K  , denotes the particle mass param-
eter, R = KNh2/µ denotes the concentration parameter, 
Lo = ρh2/µγT denotes the temperature relaxation time 
parameter, Qs = hQ/ρcuo is the heat source param-
eter and  Qr = −16σ ∗T 3

o /3ρcuo is the radiation param-
eter, γc = hkc/uo is the chemical reaction parameter, and  
M = hµ/ρuokD is the porous medium parameter.

The dimensionless initial and boundary conditions are:
At t ≤ 0:

At t > 0:

At t > 0:

Methods
The system of governing partial differential Eqs.  (18)–
(24) with the corresponding boundary conditions (25) 
are increasingly nonlinear and coupled, consequently, the 
precise solution cannot be found. Therefore, the math-
ematical solution to these equations can be obtained 
through the finite difference technique. The Crank-Nicol-
son implicit approach is employed and is accomplished 
via applying an average of the schemes of central divided 
difference at successive time points. The main definition 
and procedure of this technique were formerly presented 
in several research (Abdeen et al. 2013; Alkot and Abbas 
2017).

Results
The physical quantities for engineering interest, the local 
skin friction ( τ ), local Nusselt number (Nu), and local 
Sherwood number (Sh) are defined as (Pandya et  al. 
2017):

(23)G
∂wp

∂t
= w − wp

(24)
∂Tp

∂t
= −Lo(Tp − T )

u = up = w = wp = 0;

T = Tp = 0; Ŵ = 0

u = up = w = wp = 0;

T = Tp = 0; Ŵ = 0 at y = −1

(25)
u = up = 1; w = wp = 0;

T = Tp = 1; Ŵ = 1 at y = 1
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•	 skin friction coefficient: τ =

(

∂u
∂y

)

y=0

•	 Nusselt number: Nu = −

(

∂T
∂y

)

y=0

•	 Sherwood number: Sh = −

(

∂C
∂y

)

y=0

To validate the accuracy of presented results and 
methodology, the current results are compared with 
the previously published available results in some spe-
cial cases, which was reported by Pandya et al. (2017). 
We recorded the compared values that skin friction 
coefficient values, Nusselt number and Sherwood 
number for various values of some parameters impact, 
which are illustrated in Tables  1 and 2. Generally, it 
is clear that, from this comparison the results are in 
excellent agreement.

The current study was conducted to investigate the 
flow with mass transfer and heat of an unsteady MHD 
dusty fluid under thermal radiation, viscous dissipa-
tion, Joule, chemical, and ion slip influences between 
parallel plates.

The finite differences technique was adopted for 
acquiring the fluid/dust particles’ temperature, con-
centration, and velocity as a function of some physical 
aspects. The graphical outcomes are demonstrated at 
Figs. 2, 3, 4, 5, 6, 7, 8, 9, 10, and 11. Calculations were 
accomplished for C =  − 5, R = 0.5, Re = 1, Lo = 0.7, 
G = 0.8, Pr = 1.

Discussion
The time variation profiles against the fluid/dust main 
velocities components u, up, secondary velocities compo-
nents w, wp, and temperatures T, Tp, and fluid concentra-
tion Γ, respectively, are depicted in Figs. 2, 3, 4, and 5 for 
Bi = 3, Be = 3, Ha = 1, M = 1, S = 1. In all these Figures, it 
is seen that the fluid/dust velocities, temperatures, and 
concentration increase with time till it reaches its steady 
state. It is found in Figs. 2, 3, and 4 that, the main veloci-
ties of dust and fluid attain steady state quicker relative to 
secondary velocities that attain it quicker than fluid tem-
perature. It may be because of the fluid main velocity rep-
resents the source of the secondary velocity, and both are 
the sources of the fluid temperature. Moreover, it is seen 
that the fluid’s temperature and velocity acquire steady 
state early relative to the particle phase that ascribes the 
fluid velocity as the source of the particle flow.

Figure  6 illustrates the particle and fluid temperature 
profiles for different thermal radiation values. It was 
observed that the temperature profiles are improved via 
rising the thermal radiation parameter values. However, 
Fig.  7 shows the fluid concentration progression with 
the time at the center of the channel (y = 0), for different 
chemical reaction parameter scores. It was recognized 
that the concentration is decreased by rising the chemi-
cal reaction parameter value. Figures 8, 9, 10, and 11 dis-
play the time progression of the fluid/dust temperature 
and main velocity profiles at y = 0, at different ion slip 

Table 1  Comparison of Skin friction coefficient for various values of some parameters

γc G Sc Qr R τ

Present Pandya et al. (2017)

1 1 1 2 1 − 0.47567 − 0.475593

1 1 1 2 1 1.02231 1.02161

3 1 1 2 1 0.424987 0.424903

5 1 1 2 1 0.30711 0.306442

7 1 1 2 1 − 0.17278 − 0.172543

1 0.1 0.6 2 1 0.916213 0.915588

Table 2  Comparison of Nusselt and Sherwood number for various values of some parameters

γc G Sc Qr R Nu Sh

Present Pandya et al. (2017) Present Pandya et al. (2017)

1 1 1 2 1 0.66527 0.665233 1.53678 1.53647

1 1 1 2 1 0.265673 0.265555 0.931123 0.930193

3 1 1 2 1 0.37676 0.37572 1.51134 1.51058

5 1 1 2 1 0.35824 0.358772 1.831231 1.83055

7 1 1 2 1 0.293456 0.292822 3.01123 3.00238

1 0.1 0.6 2 1 0.411678 0.411797 0.82992 0.82959
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(b)(a)

Fig. 2  Time variation against main velocity; a fluid velocity u; b dust velocity up

(a) (b)

Fig. 3  Time variation against secondary velocity; a fluid velocity w; b dust velocity wp 

(a) (b)

Fig. 4  Time variation against temperature; a fluid temperature T; b dust temperature TP
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and Hall parameters values. Figures 8 and 9 demonstrate 
the influence of Be and Bi parameters on the particle and 
fluid main velocity profiles. The particle and fluid main 
velocity profiles are recognized to increase with increas-
ing the Be and Bi values. This can be owed to the decreas-
ing of the effective conductivity in response to increasing 
Be or Bi values ( σ/((1 + BeBi)2 + Be2)). Furthermore, the 
Be and Bi parameters influences on the particle and fluid 
temperatures distribution are illustrated in Figs.  10 and 
11. These Figures specify the rising value of Be or Bi, as 
the temperature of the dust and fluid decrease. A rise of 
Be or Bi reduces the Joule dissipation which is propor-
tional to ( σ/((1 + BeBi)2 + Be2)).

Conclusions
On an unsteady Magneto-hydrodynamic flow with mass 
transfer and heat of a dusty fluid was investigated. Ther-
mal radiation, chemical reaction, ion slip, Hall current, 
Joule and viscous dissipation, and heat generation are 

considered in the current study. The mathematical solu-
tion of the controlling nonlinear partial differential equa-
tions was obtained and solved by the finite difference 
method.

Numerical findings are demonstrated subjected to dif-
ferent influential variables. The summary of the main 
outcomes is given below.

–	 The thermal radiation parameter improved the ther-
mal distribution.

–	 Elevating the Hall parameter increases the velocity 
distribution of the fluid and dust main velocities.

–	 The particle and fluid main velocities increase by 
increasing the ion slip parameter.

–	 The concentration decreased with the increasing 
chemical reaction parameter value.

–	 The particle/fluid temperatures are inversely influ-
enced by differences in Hall and ion slip parameter.

Fig. 5  Time variation against fluid Concentration Г

(b)(a)

Fig. 6  Influence of Qr on fluid and particle temperature; a T; b TP

Fig. 7  Influence of γc on fluid concentration at channel center
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(b)(a)

Fig. 8  Be Influence on the main velocity at channel center; a u; b uP

(a) (b)

Fig. 9  Bi Influence on the main velocity at channel center; a u; b uP

(b)(a)

Fig. 10  Be Influence on fluid and particle temperature at channel center; a T; b TP
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Abbreviation
MHD	� Magnetohydrodynamics
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